In this paper, we find the greatest values α 1 , α 2 and the smallest values β 1 , β 2 such that the double inequalities 
Introduction
The classical arithmetic-geometric mean AG(a, b) of two positive numbers a and b is defined by starting with a  = a, b  = b and then iterating a n+ = a n + b n  , b n+ = a n b n (.)
for n ∈ N until two sequences {a n } and {b n } converge to the same number. 
holds for all a, b >  with a = b. The left inequality of (. 
Very recently, Chu and Wang [] proved that
Here the pth Gini mean of two positive numbers a and b is defined by
The main purpose of this paper is to find the greatest values α  , α  and the smallest val-
hold for all a, b >  with a = b and give some new bounds for the complete elliptic integrals.
Basic knowledge and lemmas
In order to prove our main results, we need several formulas and lemmas, which we present in this section.
For r ∈ (, ) and r = √  -r  , the well-known complete elliptic integrals of the first and second kinds are defined by
respectively, and the following formulas were presented in [] , Appendix E, pp.-:
In what follows, four special values E( √ /), K( √ /) and E(.), K(.) will be used. By numerical computations, these are given by
.
is strictly monotone, then the monotonicity in the conclusion is also strict.
Proof Parts () and () follow from [], Theorem .() and Exercise .().
Lemma . The equation
It is easy to verify that the function ϕ is continuous and strictly decreasing from (-, +∞) onto (, +∞). Therefore, Lemma . easily follows from the continuity and monotonicity of ϕ together with the facts that ϕ(
A simple calculation yields
Following from Lemma .() and (.) together with the monotonicity of /r  ,
we clearly see that f  (r)/ f  (r) is strictly increasing on (, ). Equations (.)-(.) and Lemma . lead to the conclusion that f (r) is strictly increasing on (, ). Therefore, Lemma . follows from the monotonicity of f (r) together with the facts that
The following double inequalities can be obtained from Lemma . immediately.
Corollary . Inequalities
 + r   + r   <  π E -r  K <  + r   +  π -   r  hold for  < r < .
Lemma . The inequality
holds for  < r < .
Proof In order to prove inequality (.), it suffices to prove that
for  < r < , where
Observe that
we conclude, from (.) and (.), that there exists r  ∈ (., .) such that g  (r) >  for r ∈ (, r  ) and g  (r) <  for r ∈ (r  , ). In order to prove (.), we divide it into two cases. Case A r ∈ [r  , ). In this case, we clearly see that g  (r) ≤  and g  (r) > . This implies that g(r) = g  (r) -g  (r) < .
Case B r ∈ (, r  ). In this case, g  (r) > . Let g  (r) =  -r  +   r  -r  , the difference between g  (r) and g  (r) yields
this in conjunction with g  (r) >  implies that
then the functions η(r) and ω(r) both are strictly increasing on (, ).
Proof We assume that
then η(r) = η  (r)/η  (r) and ω(r) = ω  (r)/ω  (r). A simple calculation yields
Lemma . and (.)-(.) lead to the conclusion that η(r) and ω(r) are strictly increasing on (, ).
Lemma . Let
Proof It is well known that L p (a, b) is strictly increasing with respect to p ∈ R for fixed a, b >  with a = b, then φ p (r) is strictly decreasing with respect to p ∈ R. In order to prove Lemma ., we divide it into three cases. Case  p = /. From Corollary . and Lemma ., we clearly see that
We divide it into two subcases. Subcase A φ p  (r) <  for r ∈ (, .).
Since φ p (r) is strictly decreasing with respect to p ∈ R, we clearly see that φ p  (r) < φ  (r). It suffices to prove that φ  (r) <  for r ∈ (, .).
For r ∈ (, √ /], it follows from Corollary . that
where the first inequality easily follows from
For r ∈ ( √ /, .), taking the derivative of φ  (r) yields
where
From Lemma .(), we clearly see that
for r ∈ (, ) and
for r ∈ ( √ /, .). Equations (.)-(.) lead to the conclusion that φ  (r) is strictly increasing on ( √ /, .). This in conjunction with (.) implies that
for r ∈ ( √ /, /). Therefore, from (.) we clearly see that φ  (r) is strictly increasing on (
where ω(r) and η(r) are defined as in Lemma .. From Lemma .(), we clearly see that (E -r  K)/r is strictly increasing on (, ). Lemma . and (.), (.) lead to the conclusion that
Therefore, it follows from the monotonicity of
Taking the Taylor series of φ p (r) at r =  yields
From (.) we clearly see that there exists a sufficiently small δ  >  such that φ p (r) <  for
with respect to r, there exists a sufficiently small δ  >  such that φ p (r) >  for r ∈ (δ  , ). 
Main results
We can rewrite h(r) as
where λ(r ) = ( + r ) log(e  /r ).
Equations (.)-(.) lead to the conclusion that λ(r ) is strictly decreasing on (, ) with respect to r . Moreover, the function r = √  -r  is strictly decreasing on (, ). Hence the function λ(r ) is strictly increasing on (, ) with respect to r. It follows from (.) and Lemma .() that h(r) is strictly decreasing on (, ). This implies that h(r) <  for  < r <  together with h() = . For any  < ε < / and  < x < , it follows from (.) and (.) that
and making use of the Taylor expansion as x → , one has
Equations (.) and (.) imply that for any  < ε < / there exist δ  = δ  (ε) ∈ (, ) and 
Corollaries and remarks
From Theorem . we get a lower bound for the complete elliptic integral of the first kind K(r) as follows. and numerical experiments show that the lower bound in (.) can be regarded as an approximation of K(r) for some r ∈ (, ), refer to Table  for numerical values. 
